The emergence of the spontaneous polarization in the hexagonal RMnO 3 system (R = Sc, Y,
Here we present nonlinear optical experiments in which the electromagnetic field of a frequency-doubled light wave couples directly and linearly to the spontaneous polarization of YMnO 3 .
They reveal a polarization emerging at T C 1259 K with a subdued increase in amplitude showing no anomalies or discontinuities. Piezoresponse force microscopy (PFM) confirms that the ferroelectric domain pattern is seeded right below T C . Monte-Carlo simulations reveal how topologically created vortex-like defects in the MnO 5 tilt pattern determine the ferroelectric state and many of its unusual properties. In particular, we show that the "second transition" below T C is not associated to a phase transition, but caused by a finite-size scaling effect.
At room temperature, the spontaneous polarization P s = 5.6 µC/cm 2 of YMnO 3 is observed together with unit-cell-trimerizing tilts of the MnO 5 bipyramids and Y displacements along the c axis. The tilt is parameterized 22, 23 by the observable amplitude Q and angle Φ in Fig. 1a . The resulting domains typically form three-dimensional patterns with vortex-like meetings of all six possible domain states 5 . These vortices are topologically protected; they and the associated domains cannot be destroyed by electric-field poling 6 .
An established method for probing ferroelectric order is second harmonic generation (SHG):
emission of light at frequency 2ω from a crystal irradiated with light at frequency ω. In the leading order, a SHG signal I SHG ∝ |E(2ω)| 2 is observed only if inversion symmetry is broken 24 , e.g. by a ferroelectric polarization P s as in YMnO 3 . SHG can thus probe P s directly with linear coupling E(2ω) ∝ P s . In addition, SHG measurements are highly sensitive with a detection limit down to 25 < 1 nCcm −2 and they are performed contact-free and thus not obstructed by artifacts from contact resistance or increased leakage at high temperature. Since SHG has never been used for probing ferroelectric order at temperatures > 1000 K we first scrutinized the relation between the SHG amplitude and the spontaneous polarization of ferroelectrics in this range. These reference experiments and various error sources in SHG are discussed in the Supplementary Material. All our tests confirm that E(2ω) in YMnO 3 is scaling exclusively with P s up to at least 1400 K. Figure 1b shows the temperature dependence of the SHG amplitude of YMnO 3 up to 1400 K.
Dilatometric measurements on the sample reveal a transition temperature of (1266 ± 5) K. The SHG amplitude shows a gradual and continuous decrease towards this value. Fitting P s ∝ (T C − T ) β P s above 600 K reveals a transition at T C = (1259 ± 24) K and β P s = 2.04 ± 0.12. This temperature dependence is strikingly different from that extrapolated from other measurements 10, 16 , and there is no sign of any secondary anomaly.
In order to understand the emergence of ferroelectricity on a local scale, we then applied piezoresponse force microscopy (PFM). Figure 2 shows the ferroelectric domain pattern at roomtemperature before and after heating the sample to 1230 K ( T C ) and 1270 K ( T C ). After the cycle through 1230 K the observed changes are minimal even though the spontaneous polarization P s drops to 0.7% according to the fit in Fig. 1b . In contrast, after the cycle through 1270 K, the pattern and the size of the domains 7 are completely different. The resulting temperature dependencies are shown in Fig. 3 . The computed polarization P s bears an extraordinary resemblance to the measured data (see Fig. 2 ), and in fact is described by the same critical exponent β P s = 2.00 ± 0.02. In contrast, Q shows a steep increase below T C . This is well described by the critical exponent β Q = 0.348 as in the XY universality class, which confirms the emergent continuous U(1) symmetry of our model. The six-fold anisotropy becomes relevant away from T C and eventually establishes the discrete Z 6 symmetry. We thus investigate the "discreteness parameter" Φ 6 = cos(6φ ) , which becomes different from 0 when the average phase φ is distributed in a discrete fashion. As we see in Importantly, the MC simulation offers a natural explanation for the two-phase-transition controversy in the literature and the large spread in values reported for T C . As can be seen in Fig. 3 , criticality in our system is displayed differently by Q and Φ. Whereas Q emerges right at T C , Φ locks into discrete values in a range centered around T * C < T C . This is a finite-size scaling effect related to the universality class of the six-state clock model 28 . It is associated to the length scale
. In order to recognize long-range order for Q and Φ and separate it from mere statistical fluctuations of these parameters we thus require the temperatures T * C and T C , respectively, for a system of finite size L This perfectly explains the long-standing "two-phase-transition controversy" and the apparent discrepancy between, for example, neutron diffraction experiments and the present results.
Specifically, the concomitant loss of long-range structural coherence above T * C is not easily captured by reciprocal space diffraction. This meso-scale disorder does not hamper the SHG measurements and, as mentioned, the system size dependence of SHG is very weak.
In summary, the interplay of electric polarization, topological trimerization and temperature was resolved for the multiferroic ferroelectric YMnO 3 . SHG couples directly to the spontaneous polarization and reveals its emergence at T C = 1259 K, i.e., in a single transition along with the unit-cell-trimerizing lattice distortion. PFM and MC simulations reveal an isotropic network of trimerization vortices around which, sufficiently close to T C , the trimerization phase varies in a continuous fashion. The temperature T * C < T C around which the lock-in of the trimerization into discrete polarization states becomes observable depends on the coherence length of the experimental probe that is applied. This explains claims of a "second transition". The distribution of the six trimerization states and the corresponding ferroelectric domains is seeded by the network of continuous vortices near T C . Their distribution is determined by topology rather than electrostatics which explains the isotropic distribution of the ferroelectric domains in this anisotropic crystal and the presence of unfavorable ferroelectric domain walls perpendicular to the polarization and with highly anisotropic conductance.
Our work thus explains some of the most puzzling aspects of ferroelectricity in the hexag- 
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Methods

Samples and setup:
The entire hexagonal RMnO 3 series (R = Sc, Y, In, Dy -Lu) displays trimerization-driven ferroelectric order with the radius of the R ions correlating to the Curie temperature 29 
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(the magnetic difference between the rare-earth and transition-metal ions manifests in the magnetic properties below the Néel temperature of ∼ 100 K only 
where complex variables s j = e iφ j are associated to the local K 3 distortions. At this level, the angle φ j can take any value between 0 and 2π at each site j = 1 . . . L 3 of the lattice of lateral extension L. However, DFT also shows that the coupling between the K 3 mode and the polarization (Γ − 2 ) plays a crucial role, as it eventually generates a strong Z 6 anisotropy in the K 3 sector that determines the actual trimerized states that are realized experimentally. In terms of the XY model this coupling reads H int = −g ∑ j p j cos(3φ j ), where p j is the (local) polarization. We make use of these DFT results for YMnO 3 and restrict the angle φ j to φ j = n j · 60 • (0 ≤ n j ≤ 5) in our MC simulations. Effectively, we thus introduce a six-state clock model. We formally integrate the electric polarization and consider the "strong coupling limit" revealed by DFT. The electric polarization then becomes an Ising-like variable: p j ∝ cos(3φ j ) = ±1.
The MC simulations were performed by application of a hybrid algorithm combining a parallelized implementation of the standard Metropolis algorithm 32 and an adapted version of the Wolff cluster algorithm 33 . As customary in MC simulations, the macroscopic order parameter is obtained The annealing has almost no effect on the domain pattern. c, Room-temperature PFM scans of the same region after annealing to 1270 K close above T C . The domain pattern has changed completely. The higher density of the domains is related to the lower cooling rate during the annealing cycle 7 . Figure S1 shows the temperature dependence of the SHG amplitude on a bulk single crystal of LiNbO 3 in comparison to this scaling law. The agreement is excellent, including the value T C = (1404 ± 1) K. In this ref-
erence ferroelectric E(2ω) is thus scaling exclusively with P s across the entire temperature range.
There is no "unspecific" decrease of the nonlinear conversion efficiency with temperature. • Figure 1a in the main text shows the SHG amplitude |E(2ω)| for YMnO 3 in comparison to the spontaneous polarization obtained by an integrated pyrocurrent measurement. The experiment ranges from 100 K, below which SHG from the antiferromagnetic order interferes with the ferroelectric signal 3 , to 400 K, above which the conductivity of the sample impedes pyrocurrent measurements. This range is large enough to reveal the correspondence between |E(2ω)| and P s , in contrast to a scaling with other order parameters such as Q, which would in addition be incompatible with symmetry.
• Repeated SHG-versus-temperature scans did not reveal any drifts as they might be caused by accumulating chemical or structural changes in the high-temperature environment.
• The temperature dependence of the linear transmission was taken into account by normalizing the SHG intensity accordingly.
• The frequency-tripled signal (3ω) is allowed at all temperatures without any order-parameter dependence. Up to 1400 K, we observed no decrease of the normalized THG intensity with temperature.
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All these auxiliary experiments confirm that, in agreement with the reference measurement in Fig. S1 , there is no "unspecific" decrease of nonlinear conversion efficiency with temperature.
The SHG amplitude in Fig. 1b in the main text gives an accurate account of the spontaneous polarization in YMnO 3 up to 1400 K.
Error sources in SHG
Domain walls may lead to systematic errors in the relation between the SHG amplitude and the spontaneous polarization. Because of their lower symmetry the ferroelectric domain walls might lead to additional contributions to the SHG yield. In spatially resolved SHG experiments at room temperature, however, such contributions were not detected. Likewise, we excluded that shifts of the domain distribution with temperature affect the SHG yield. First, the PFM scans in Fig. 2 show that even very close to T C the domains, respectively the underlying trimerization vortices, do not visibly move. Second, self-poling towards a single-domain state as mentioned in Methods suppresses the effect of destructive interference of SHG contributions from opposite domains in the first place.
Aside from domain walls, the reduced symmetry at the sample surface can lead to a SHG background signal not coupling to the spontaneous polarization 4 . Such contributions would be equally present above and below T C . Their contribution is negligible according to the SHG data in Fig. 1b .
On the other hand, the sensitivity of SHG is limited when it comes to non-polar phase 3 transitions. Violation of inversion symmetry is required for obtaining the leading-order electric dipole contribution to SHG 4, 5 . In the non-polar phase higher-order magnetic-dipole or electricquadrupole contributions are allowed but, according to the absence of a SHG signal above T C , to weak to be detected. Thus, any non-polar phase transitions that might occur above the trimerization temperature are not resolved by our SHG experiments. Likewise, isosymmetric phase transitions below T C would not lead to new polarization components in the SHG signal. Yet probably, the intensity of the already existing components are changed by such a transformation so that an isosymmetric phase transitions would be resolved by SHG after all. No such transition was detected, however.
Coherence length in the SHG measurements
A main result of this work is that the perception of long-range order the RMnO 3 system depends crucially on the coherence length of the experimental technique that is employed to probe the system. As explained in the main text, this is not a consequence of sample inhomogeneity (like nano-clustering or a relaxor-like structure) but of the amount of sample volume that is required to recognize long-range order. In this respect, SHG offers two advantages. First, the SHG wave couples linearly to the spontaneous polarization of the hexagonal RMnO 3 compounds. As Fig. S2 shows, the system size dependence of the spontaneous polarization is very weak compared to that of, e.g., Φ 6 = cos(6φ ) . Second, SHG has a relatively large coherence length in the order of 10 µm which is determined by the interference of the homogeneous and the inhomogeneous solution of the wave equation at the doubled frequency 5 . These two criteria explain why finite-size 4 effects in the SHG experiment are negligible.
Care has to be taken that the sample is homogeneous throughout the volume coherently probed by SHG (as by any other technique; see the discussion on the neutron diffraction data in the main text). Homogeneity is perturbed by domain formation. Because of this we worked with samples close to a single-domain polarization state and suppressed domain wall movements as described above. Figure S1
Figure S2
